Abstract. Typical problems concerning to Digital Image Processing (DIP) and to Digital Signals Processing require specific models for each particular problem and the characteristics of the data involved. However, usually these data show a high degree of uncertainty due to the acquisition system itself, noise or uncertainties related to the nature of the problem. They often require considering different points of view of experts in a single model to determine a set of rules or predicates that would achieve the desired solution. Type-2 fuzzy sets can adequately model such uncertainties. This paper presents a study on different applications of type-2 fuzzy sets in image and signal processing, analyzing the main advantages of this type of fuzzy sets in modeling uncertainties. We also review the definitions of type-2 fuzzy sets, their main properties and operations between them.
Introduction
Typical problems concerning to Digital Image Processing (DIP) and Digital Signals Processing require specific models for each particular problem and the characteristics of the data involved. These models make a manipulation of the data in order to obtain useful information from them to achieve an appropriate solution [1, 2] . The segmentation of the images is a common requirement in the medical image processing. This consists in detecting structural components. This process allows characterizing the components or regions of the image to make further analysis for diagnosis tasks [3] . Since medical images often present textures, acquisition noise and inaccuracies in the definition of edges, traditional techniques sometimes are inadequate for processing, because they do not allow modeling satisfactorily such uncertainties. Type-1 Fuzzy Logic (T1FL) [4, 5] is able to make models taking account of these uncertainties. It allows an element to have a fuzzy membership degree to a set. It has been successfully used to model the uncertainties in the images gray levels. Some applications of T1FL involves image processing from different approaches, like: an extension of Mathematical Morphology (MM) to be applied on gray images, giving Fuzzy Mathematical Morphology (FMM) [6, 7] ; fuzzy inference systems for edge detection [8] ; tissue detection based on their features; image enhancement [9] , among others. Another field related to DIP is the signals processing, which requires consideration in the modeling uncertainties from the acquisition system, from the specific signal and from the processing algorithm. A major application of a Fuzzy System in signal processing is the control systems [10] . In addition, several models base on T1FL have been developed to solve specific problems in signals [11, 12] .
Type-1 Fuzzy Sets (T1FS's) present some limitations in uncertainties modeling and minimization, mainly in those what are based on predicates logic or based on rules generated from expert's opinions. These sets only have one membership degree for each element of the sets [13] . The main sources of uncertainties are [14] :
 the meaning of the words used in the evaluation of the predicates may be uncertain and, therefore, they cannot model differences between points of view of different experts on the same word;  measurements that activate the inputs of a Fuzzy Logic System (FLS) and the data used for parameterization can be noisy and this noise cannot be adequately represented with a single degree of membership. Type 2 Fuzzy Sets (T2FS's) are an extension of T1FS's in which the degree of membership of each element of the set is fuzzy itself, i.e., it is a T1FS. Due to this characteristic, these sets allow modeling and identifying uncertainties and they are appropriate in circumstances in which it is difficult to determine exactly a membership function to be used in the FLS [10, 14] . For example:
 data generation systems where the description of its variation over time is unknown;  non-stationary noise measurements whose model is unknown;  statistical features of unknown nature in the input of pattern recognition systems;  knowledge taken from an expert group involving words whose interpretation is uncertain. T2FS's have been applied in the generation of decision-making processes, learning and optimization of fuzzy sets, images pre-processing, function approximation and others [14] . In this work we present a survey of T2FS's applications that have been developed in recent years for solving problems related to signal processing and medical imaging and the advantages gained in solving such problems using Type-2 Fuzzy Logic (T2FL). We define T2FS's and their main properties. We analyze the fundamental operations between T2FS's, seen as an extension of T1FS's. Finally we discuss the main techniques and methods developed in T2FS's.
Type-2 Fuzzy Sets
In this section we introduce the definitions related to T2FS's and operations between them. 
Definitions and fundamental properties
, :
FOU  defines a bounded region of uncertainty on the membership function of variable x . x J is called primary membership function of xX  [14] .
The Upper Membership Function (UMF ) is defined as:
The Lower Membership Function ( LMF ) is defined as:
Definition 2: A T2FS, denoted A , is defined by [14] [15] [16] :
where x is the primary variable with domain X , uU  is the secondary variable with domain
is the secondary membership grade of A [14] . The operator  means the union of all elements of the set for a T2FS whose variable x is continuous. The Figure 1 shows the FOU for a T2FS and hisUMF and LMF . 
Using the concept of secondary sets, we can write a T2FS as the union of all secondary sets, i.e.: 
The set e A is embedded in A , and there are a total of 
In the given definitions 6 and 7, the operator  means the union of all elements of a set.
Definition 8: A T1FS too can be expressed like a T2FS. This type-2 representation is (
Operations between Type-2 Fuzzy Sets
Let A and B two type-2 fuzzy sets:
In (14) and (15), u and w are dummy variables to differentiate between various secondary membership functions of x in A and B respectively. of the sets A and B respectively. The following defines the union, intersection and complement for the general case of T2FS's and later for the case of IT2FS. The derivation of these operations for T2FS's are performed from T1FS's through the Zadeh's extension principle [5] and its analysis can be found in [14, 15] .
Union of Type-2 Fuzzy Sets
Just as the union of two T1FS's is another T1FS, the union of T2FS's is another T2FS, defined by [14, 18] :
where
and indicates a t-norm between the secondary membership functions, ()  A x and ()  B x , they are T1FSs, and v is defined for a t-conorm, denoted by , between the primary membership grades of ()
When the applied t-conorm is the maximum operator (  ), we have:
where  indicates any t-norm, for example minimum or product, between the secondary grades of the sets A and B for each , ,
Intersection of Type-2 Fuzzy Sets
Like the union, the intersection of two T2FS's, A and B , is another T2FS defined by [14, 15, 18] :
and  indicates a t-norm between the secondary membership functions, ()  A x and ()  B x , they are T1FS, and v is defined for a t-norm, denoted by  , between the primary membership grades of ()
For the particular case in which the applied t-norm is the minimum operator (  ) we have:
where  indicates any t-norm between the secondary grades.
Complement of Type-2 Fuzzy Sets:
The complement of A is another T2FS, such as [14, 15, 18] :
where  denotes the negation operator and ()   A x means the negation of the secondary membership function. The operators union, intersection and complement for the particular case of IT2FS are obtained of definitions of union, intersection and complement of T2FS's taking the secondary membership grade 1   . A full analysis of the operations on this particular type of T2FS is available in [17] .
Type-2 Fuzzy Sets Applications
In this section we review applications of methods based T2FL for the resolution of problems involving image and signal processing and we summarize the results of each one.
Support in the diagnosis of brain tumors In [19] Zarandi et al developed an Expert System for processing Magnetic Resonance images (MR)
with T2FL for support in the diagnosis of brain tumors. Some features of brain tissues, gray intensity of each tissue (white matter, gray matter, cerebrospinal fluid, cord and abnormalities) and fuzzy edge definition for the location of tumors make the task of tissue recognition a very difficult one. The T2FS's are used to model such uncertainties. The authors propose a classification method that consists of 4 stages: pre-processing, segmentation, feature extraction and approximate reasoning. In the first stage the image noise is reduced by applying different filters, which are determined by a set of rules. In the segmentation stage they use a rule-based T2FS, which has gray level of pre-processed images as input variable. Rules are determined with the use of expert's knowledge and parameters of membership functions are adjusted to minimize the classification error by presenting to the system the pre-classified images as examples. Once the image is segmented, features are extracted from each of the classes identified and based on these rules the diagnosis and treatment are suggested for the patient by means of another set of rules. To evaluate the developed system, the authors compare the outcome of information processing of 95 patients with a T1FL based Expert System. From this comparison it is determined that the proposed type-2 Expert System is more accurate in determining the diagnosis than Type-1, as T2FS's provide better modeling of uncertainties in this type of images and experts' opinion.
Classification of tibia radiographic images
John et al present in [20] a T2FS based system for processing radiographic images of the tibia followed by a classification with Neural Networks. T2FS's are used to model the uncertainties in the data and the different opinions of experts and the system is able to provide assistance in the diagnosis of bone lesions, determining the location and length of the lines in the pre-processed images. T2FS's are determined by surveying experts in diagnosis. They define two variables of analysis of the segmented lines: length and radius of them. In order to describe these variables linguistically with adjectives, fuzzy sets are defined. The values of the variables are the inputs of a Neural Network [21] for classifying injuries in the images into four classes: MTS, Patchy, Stress Fractures and Healing Stress Fractures. The authors show the results of processing a huge number of images, whose segmentation was known, in order to analyze the performance of the system. The proposed system has higher accuracy in classification of images in cases of MTS, Patchy, Stress Fractures, compared with type-1 FLS, offering a better ability to model the uncertainties inherent to the descriptions given by experts on the images.
Edges Detection
In [22] , Mendoza et al propose a new method for edge detection in images. Images are pre-processed with three types of filters: gradient based, high-pass and low-pass [1, 2]. Input vectors for an inference system with T2FL are generated with the intensity values of the resulting images. There are three fuzzy sets for each input variable, called "Low", "Medium" and "High". This system of rules and the T2FS's defined allow modeling intensity levels required in the filtered images to determine when a pixel is considered an edge. The processing results are compared with T1FL system. The T2FS's give better results than T1FS's in the edges detection.
Images thresholding
Tizhoosh proposes in [23] a method for determining an appropriate threshold value for binarization of images [1, 2]. The author defines a measure of fuzziness weighing the histogram of the image by a membership function of an Interval Type-2 Fuzzy Logic System (IT2FLS) that moves itself along the gray scale using an iterative algorithm. The threshold is determined by the position of the membership function that minimizes the fuzziness value. The results shows better results for determining the threshold value compared to systems using T1FL.
Fuzzy reasoning modeling for generation of decision support experts systems
En [24] Garibaldi et al present a study to research about the introduction of the vagueness or uncertainty in the membership functions of a fuzzy system to model the variation shown by experts in the context of medical decision making. A Type-1 Expert System was previously developed to assess the health of newborns immediately after birth, through biochemical analysis of the blood taken from the umbilical cords. Variety in decision-making was introduced in the Expert System through small changes in their membership functions by default over time. Three types of variation in the membership functions were considered: the variation of the central points, the variation in the width and the addition of white noise. Different levels of uniformly distributed variation were investigated for each of them. Monte Carlo simulations were carried out to propagate the variations through the inference process, in order to determine the distribution of the conclusions reached. IT2FLSs were applied to find the limits of variability in decisions. Results were compared with the expert's decisions to determine what type and size of the variability of the membership functions represent better the variability given by the experts. The new technique of reasoning introduced in this study is called a non-stationary fuzzy reasoning.
Classification of arrhythmias by EKG analysis
In [25] , Tan et al develop a Type-2 Fuzzy Logic System (T2FLS) [15, 16] for the classification of arrhythmias in electrocardiograms (ECG). They analyze three types of ECG signals: normal sinus rhythm (NSR), ventricular fibrillation (VF) and ventricular tachycardia (VT). The authors use as inputs for the classifier the average period and the pulse width, features that are extracted from the pre-processed ECG records. Three fuzzy sets ("Small", "Med" and "Large") are defined for each input feature and the system rule set is determined, based on that fuzzy sets. The classification of each ECG is determined by a threshold comparator that uses the output of the defuzzification process of T2FLS [16] . FOUs of the membership functions involved in the antecedents of the rules is determined from training data. UMF is determined considering the centroids extracted from the application of a Fuzzy C-Means algorithm (FCM) [26] to the training data. LMF is defined by measuring the dispersion of the training data. Thus the FOUs of the fuzzy sets in the rules antecedents are obtained.
In order to evaluate the performance of the proposed system, the authors compare the results with three methods: a method based on rules, a classifier based on T1FS and a Self-Organizing Map [21] . Experimental results show that the system using T2FS present greater accuracy in the classification of ECG arrhythmias used for evaluation.
Speech recognition
Zeng and Liu in [27] presents an extension of Hidden Markov Models (HMM's) based on T2FS's, called Type-2 Fuzzy HMMs (T2 FHMM's) for voice recognition. T2FS's are introduced into the HMM's to consider uncertainties in the mean and variance of the probability distributions for state transitions that HMM's model. This allows model adequately the uncertainties of the voice data (phonemes have different values in different contexts, the same phoneme can have different lengths, the beginning and end of a phoneme is uncertain, etc.) affecting the generalization ability of the HMMs after training. The authors derive the type-2 fuzzy forward-backward algorithm and Viterbi algorithm, using operations involving type 2 fuzzy sets. Algorithm is applied to the classification and recognition of phonemes in the TIMIT speech database. Experimental results show that T2 FHMM's can properly address the uncertainties of the noise and dialect in voice signals and have a better classification performance than traditional HMM's.
Conclusions
In this paper we defined the Type-2 Fuzzy Sets, their main properties and operations between them. We surveyed different applications of these sets both in image processing and signal processing. We found that the models developed in the papers can see greater capabilities in uncertainties modeling when they used Type-2 Fuzzy Sets than similar systems using Type-1, mainly in the development of systems based on expert opinion, because they provide models that consider that words mean different things to different people. Also we highlighted the large ability of these models on modeling uncertainties in images and signals whose statistical distribution is unknown. This review allows us to conclude that the applications of Type-2 Fuzzy Logic is a current area of interest, and it suggests that these research directions should be continued to produce new applications and to achieve generalizations of those applications based on Type-1 Fuzzy Logic. 
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